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Abstract
Constraint Acquisition (CA) aims to widen the use of constraint programming by helping users in the

modeling process. However, most CA methods learn one ground CSP: a set of individual constraints for
a specific problem instance. We focus on generalizing ground CSPs, by learning parameterized constraint
models that can model multiple instances of the same problem. We propose a constraint-level classifier-based
approach, where a machine learning classifier is trained to predict for any possible constraint and any possible
parameterization of the problem whether the constraint belongs to the problem. A key aspect is an appropriate
parameterized feature representation that allows classifiers to learn (implicit) patterns in the ground CSP. The
results of our evaluation show that our approach has high accuracy in learning generalized models, and is robust
to the presence of noise in the ground CSP.
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1 Introduction

Constraint Programming (CP) is considered one of the main paradigms for solving combinatorial
problems in AI, as it provides powerful modeling languages and solvers for constraint optimization
and decision-making, with many successful applications in various domains [30, 38]. In CP, the user
declaratively states the constraints over a set of decision variables, defining the feasible solutions
to their problem, and then a solver is used to solve it. However, modeling a new application as a
constraint problem requires expertise, which is a barrier to the wider use of CP [13, 14]. This has
motivated the development of methods for assisting the user in the modeling process [11, 13, 16, 19].
This is the focus of the research area of constraint acquisition (CA) [8], which has been identified as
an important topic [22, 11] and as progress toward the “Holy Grail” of computer science [13].

In Constraint Acquisition (CA), constraints are learned either from known solutions and (option-
ally) non-solutions [3, 4, 28] or through interaction with a user [5, 34, 35]. Recent advancements
on both passive and active acquisition systems show significant potential, introducing passive CA
methods that are robust to noise in the given examples [28, 29], as well as interactive systems that use
statistical machine learning (ML) to learn how to learn during the acquisition process [33]. A recent
application of interactive acquisition in a real-world scheduling problem was presented in [2].

However, one significant limitation of most (passive and active) CA systems is that they only
learn ground CSPs of a fixed size, for one specific problem instance under consideration [1, 7, 8, 9,
20, 23, 25, 26, 28, 36, 37]. Although acquiring individual instances of a problem can be useful, it is
common that the instance at hand will often change; because the actual constraint model depends on
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certain input parameters. For example, in a nurse rostering problem over changing crew compositions,
or changing timeframes, the variables and constraints of the ground instances will be different, even
if the parameterized constraint model is the same. In practical scenarios, it is common that a given
problem is solved several times, often with different parameters [31]. For this reason, well-known
constraint modeling languages like MiniZinc [21] allow the use of parameters in the original model,
with separate data files setting the parameter values for a given instance. However, an instance-specific
ground CSP model learned using CA does not make use of this parameterization capabilities and,
hence, cannot be reused for other instances. As a result, generalizing the constraint models learned
using CA over different instances of the same problem class has been identified as one of the key next
challenges for constraint acquisition, and has been identified as a requirement for its wider use [31].

In the literature of constraint acquisition, there are only a few works that support some form
of generalization to unseen instances. In interactive CA, approaches for generalizing constraints
learned within the given instance were introduced [6, 10], in order to enhance the acquisition process.
Although such generalizations are targeted to within-instance generalization, the found generalizations
could also be used across instances.

Another approach, called extrapolation, was recently explored [27], in which ground constraints
are first learned for different instances of the problem, and then they are extrapolated to a given
instance with different parameters. An advantage of this approach is that the ground constraints can
be learned using any CA method. However, it requires learning the ground constraints for a number
of instances of the problem to be able to generalize. In addition, it relies on a symbolic classifier
based on genetic programming, which is computationally intensive and tends to learn complex,
non-interpretable expressions.

A third approach is to learn interpretable parameterized forms of constraints during the ac-
quisition process, given examples from different instances of the problem along with the instance
parameters [17, 18]. In [18] an inductive logic programming approach is used to learn rules of the
form condition ⇒ constraint from the examples. On the other hand, COUNT-CP [17] first learns
instance-specific constraints, and then these constraints are grouped, to obtain first-order constraints
that can generalize to unseen instances. However, only pre-defined partitions are considered to group
constraints, and thus it is not able to capture other patterns that may exist in the CP model. Finally, if
the learned constraints are not completely correct, e.g. because of noisy labels in the examples, then
these methods will fail to generalize.

In this paper, we propose an ML-based generalization of constraint models that is robust to noise,
using constraint-level classification utilizing any standard ML classifier. More specifically, we make
use of the capability of ML to learn complex functions from labelled data. We demonstrate that
through a careful feature representation, classifiers can learn to distinguish which constraint is part of
the ground CSP of any target instance.

In more detail, our contributions are the following:

We propose a classification-based approach to generalize the set of constraints of the problem,
and we show how a generate-and-test mechanism can be used to extract the set of constraints for
any target problem, independent of the type of classifier used.

To be able to generalize across different parametrizations, we propose a parameterized feature
representation of constraints, considering both relation-based and scope-based constraint features.

We make a comprehensive experimental evaluation of the proposed approach, using different clas-
sifiers, on different problem classes and parameterizations. We also show that our generalization
approach is robust to different types of noise in the ground CSPs.
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2 Background

In this section, we introduce the necessary concepts used in the paper.

Constraint Satisfaction Problems

A constraint satisfaction problem (CSP) is a triple P = (V, D, C), consisting of:

a set of n decision variables V = {v1, v2, ..., vn}, representing the entities of the problem,
a set of n domains D = {Dv1 , Dv2 , ..., Dvn

}, with Dvi
⊂ Z being the domain of vi ∈ V ,

a constraint set (also called constraint network) C = {c1, c2, ..., ct}.

A constraint c is a pair (rel(c), var(c)), where var(c) ⊆ V is the scope of the constraint, and
rel(c) is a relation over the domains of the variables in var(c), that restricts their allowed value
assignments. |var(c)| is called the arity of the constraint. const(c) is the set of constant values
present in the constraint c. The set of solutions of a constraint set C is denoted by sol(C).

Constraint Acquisition

In Constraint Acquisition (CA), the pair (V, D) is called the vocabulary of the problem at hand and is
common knowledge shared by the user and the system. Besides the vocabulary, the learner is also
given a language Γ consisting of a broad range of fixed arity constraint relations that may exist in the
problem at hand. Using the vocabulary (V, D) and the constraint language Γ, the system generates the
constraint bias B, which is the set of all expressions that are candidate constraints for the problem.

The (unknown) target constraint set CT is a constraint set such that for every example e it holds
that e ∈ sol(CT ) iff e is a solution to the problem the user has in mind. The goal of CA is to learn a
constraint set CL that is equivalent to the unknown target constraint set CT .

Machine Learning Classification

ML classification is a supervised learning task that involves learning a function over a given dataset.
The dataset, denoted as E, is a collection of N training examples, E = {(x1, y1), (x2, y2), ..., (xN , yN )}.
Each training example is a pair (xi, yi), where xi is a feature vector from the input space X and
yi is the corresponding class label from the output space Y . The feature vector xi is composed
of m features, xi = (ϕi1, ϕi2, . . . , ϕim), with each feature ϕij being a quantifiable property or
characteristic of training example i. In the case of (multi-class) classification, Y contains discrete
values. An ML classifier aims to learn a function fθ : X → Y , parameterized by a set of learnable
parameters θ. These parameters are adjusted during the training process to minimize a loss function
L(fθ(x), y) measuring the error between the predicted and actual class label.

Rule-Based Classifiers

Rule-based classifiers represent a distinct category of machine learning classifiers, learning a function
fθ : X → Y that is represented with if-then rules, denoted as an ordered set R = {r1, r2, ..., rk}.
Each rule ri is a pair (Qi, yi), with Qi being a set of conditions and yi a class label. Each condition
qij ∈ Qi is a function qij : X → {0, 1} that maps an example x to a binary value indicating whether
the given example satisfies the condition. For a rule to be satisfied, all of its conditions need to be
satisfied, i.e., qij(x) = 1 | ∀qij ∈ Qi. When a new example x is introduced, the rules are sequentially
evaluated, and the class label yi corresponding to the first rule ri that is satisfied is assigned as
the prediction. When no rule is applicable, a default class ydefault is assigned. Depending on the
algorithm used, the set of rules R might also be unordered.
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3 Problem Definition

Constraint problems often depend on a set of input parameters P , with their values defining the
specific instantiation of the ground-CSP of a given instance. We showcase this with the following
example, which we will also use as a running example throughout the paper.

▶ Example 1 (Running example). We consider a simplified exam timetabling problem, where
we have s semesters, with cps courses per semester, and we need to schedule the examination of the
courses on d available days, with each day having t timeslots. These are the (named) parameters of
the problem, i.e., P = {s, cps, d, t}. All courses must be scheduled in a different timeslot, while
courses from the same semester must be scheduled on different days.

Different values for the given parameters will lead to instances of varying size. In this problem, the
number of courses per semester cps and the number of semesters s are used to model the variables of
the problem V , while the available days d and timeslots per day t are important to define the domains
D of the variables. The parameters are also important to model the set of constraints C. Besides
the all_different constraint between all the variables, the problem has the different_day
constraints, which are defined over partitions of the variables that model courses occurring in the
same semester. In addition, the different_day constraints need the number of timeslots t per
day to determine when two courses are scheduled on the same day.

We now formally define the CSP instance generalization problem in the context of constraint
acquisition. To do that, first we define the concept of problem-instance.

▶ Definition 1 (Parameterized problem-instances). Consider a parameterized constraint
problem characterized by a set of named parameters P = {p1, p2, . . . , pq}. A problem-instance
A is a specific occurrence of the problem defined by a distinct set of parameter values PA =
{(p1, uA1), (p2, uA2), . . . , (pq, uAq)}, with the tuple (pi, uAi) containing the named parameter and
its value in instance A. This instance is modeled as a CSP using a set of variables VA, with their re-
spective domains DA, and a set of constraints CA for this (VA, DA). We call the tuple (VA, DA, CA)
a ground CSP. The variables, domains, and constraints of this CSP are determined based on the
values of the parameters of the problem. Hence, the problem-instance A is a tuple (PA, VA, DA, CA).

We can now define the problem of generalizing constraint models from given problem-instances.

▶ Definition 2 (Generalizing Constraint Models). Given one or more problem-instances de-
scribed by a tuple (PA, VA, DA, CA), the objective of generalization is to construct a function F

such that, for any target problem-instance with a vocabulary (VT , DT ), defined by a unique set of
parameter values PT = {(p1, uT 1), (p2, uT 2), . . . , (pq, uT q)}, that F (PT , VT , DT ) will return the
corresponding set of constraints CT . That is, the aim is to extrapolate the given ground CSPs to a
target instance with parameters PT , accurately determining the set of constraints CT without any
(additional) interaction with the user.

4 Generalizing Constraint Models

In order to generalize the set of constraints of the problem, we propose a constraint-level classification
approach, named GENCON. We build upon the method from [33], which shows how ML classifiers
can detect implicit patterns within the learned constraint network during CA. However, [33] employs
ML classifiers to obtain a probabilistic estimate for each constraint, estimating how likely it is to
belong to the target problem or not. This is done in order to guide interactive CA for a single
problem-instance, with fixed parameters. On the other hand, we are interested in generalizing what
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Figure 1 GENCON: Generalizing constraint models through constraint classification, using a parameterized
feature representation of constraints

the classifier learns for any given instance of the problem. Hence, we extend this paradigm, proposing
a generic (parameterized) feature representation of constraints.

Our framework for generalizing is shown in Figure 1. The given set of ground constraints in
the input instance(s) are used in order to train a classifier, learning a function that can predict for
any constraint whether it belongs to the set of constraints of any target instance of the problem.
For this, we use a (parameterized) feature representation of constraints. In a given target instance,
a generate-and-test approach is then used: a set of candidate constraints is generated using the
vocabulary (VT , DT ) and the parameters PT of the target instance provided by the user. The classifier
then predicts the label of (a feature encoding of) every constraint, extracting those classified as true.

4.1 Feature representation of constraints

An ML classifier expects a fixed-size list of features x as input. Hence, in order to use constraint-level
classifiers, we have to devise a feature representation ϕ(c) applicable to any constraint c. As shown
in the middle of Figure 1, this feature representation ϕ(c) is then transformed to a parameterized
version, notated as ϕσ . We now explain this in more detail.

Feature representation

For our feature representation ϕ(c), we use information regarding the constraints’ relation and its
ordered list of arguments (i.e., variables and constants). We construct a feature representation with 3
feature groups. An overview can be seen in Table 1.

Basic constraint features We first use some basic features that capture general characteristic of
each constraint. The first feature represents the constraint relation, such as equality, inequality, or a
specific function name. The second feature indicates whether at least one constant value is present in
the constraint. We also encode features for the numeric values of the constants. As the list of features
in ML needs to be of fixed size, we encode as many features for the constants as the largest number
of constants in the input set of constraints, using NaN values when a constraint has fewer constants.

Index-of-variables features In many cases, the given variables V are organized in the form of
matrices or tensors. The dimensions of such a tensor, and the index of each variable in them, often
play a crucial role in the modeling of the problem. For example, a constraint may be defined on
variables in the same row or column of a matrix. Thus, in the feature representation of the constraints,
we include information about the indices of its variables. We include as many index dimensions as
the largest number of dimensions over all variables, again using NaN values if the variables in a
constraint have fewer dimensions. For each relevant dimension i, the first feature captures if the index
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Table 1 Feature representation of constraints

ID Name Description
Basic constraint features
1 Relation Constraint relation
2 Has_constant If a constant value is present
3 Constant(s) The constant value(s)
Index-of-variables features
4 dimi_same If the index in dimension i is the same in all variables
5 dimi_avg_dist Average difference of the indices in dimension i among variables
Latent dimension features
6 dimi_ldimj_same If the index in latent dimension j of a dimension i is the same in all variables
7 dimi_ldimj_avg_dist Average difference of the indices in dimension’s i latent dimension j among

variables

in dimension i is the same in all variables, while the second encodes the average difference of the
indices in dimension i among variables.

Latent dimension features Besides using features over the indices of the variables, we also aim
to identify “latent dimensions”. These may not be explicitly present in the given matrix or tensor
of the variables, but can be indirectly derived from the problem parameters P . This is inspired by
the scheme sequence generator of Modelseeker [3]. Focusing again on Example 1, if the variables
were not provided in a 2-D matrix but in a vector of size c × s, then the Index-of-variables features
will not be able to capture the different_day constraints. However, we can consider c and s as
latent dimensions, incorporating them into the feature representation of the constraints. To generate
these latent dimensions, we examine possible divisors of the variables’ tensor dimension sizes. More
specifically, we consider each named parameter of the problem as a possible divisor.We add as
many latent dimensions as there are valid divisors for the different dimensions in the input problem
instances. For each latent dimension, we use the same two features as used for the known dimensions.

▶ Example 2. Recall the exam timetabling problem from Example 1. The variables representing
the courses can be structured in a 2-D matrix with s rows and cps columns. In this problem, the
index of each variable in each dimension is important for the constraints, e.g. the constraint defining
that courses from the same semester must be scheduled on different days means that it applies to
variables in the same row. For this example, assume we have an instance of this problem with named
parameters P = {(s, 4), (cps, 6), (d, 10), (t, 3)}.

The feature representation of each constraint in this problem will be of size 9: the 3 basic
constraint features, 4 index-of-variable features, i.e. for the 2 dimensions, and 1 latent dimension
with 2 features.The latent dimension is the division of the second dimension (cps = 6) by parameter
t = 3. It splits the cps columns in two separate blocks; this was the only possible dimension divisor.
The constraint c = different_day(courses[2][1], courses[2][4]) will have the
following feature representation:

ϕ(ci) = [“different_day”, False, NaN, True, 0, False, 3, False, 1]

Let us now assume that the variables in the exam timetabling problem were not provided in a 2-D
matrix, but in a vector of size c × s, i.e. in a vector of size 24 in the current instance. In this case, the
Index-of-variables features will not be able to capture the different_day constraints. However,
our approach uses the parameters c and s to create latent dimensions, which would effectively
reconstruct the rows of the matrix representation. This latent dimension will then be able to capture
the different_day constraints in them.
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The feature representation of each constraint in this case will be of size 11: the 3 basic
constraint features, 2 index-of-variable features for the 1 dimension of the vector, and 6 latent
dimension features for 3 possible latent dimensions. The latent dimensions divide the vector
size by respectively the named parameters s = 4, cps = 6, and t = 3. The constraint c =
different_day(courses[7], courses[16]) then has the following feature values:

ϕ(ci) = [“different_day”, False, NaN, False, 9, False, 1, T rue, 0, False, 1]

From numeric features to categorical features over the named parameters

As the goal is to generalize beyond a single fixed problem-instance, the feature representation of
the constraints should capture the characteristics of the constraints in a generic, parameterized way.
Numeric features will typically depend on parameters of the problem and not be static, and that is
what we want the classifier to capture. In this step, we will hence replace the numeric features, ID 3
(constants), and 5 and 7 (average distance), by categorical features over the named parameters.

▶ Example 3. Recall the instance of the exam timetabling problem from Example 2. The
different_day constraints actually have to use the value of the timeslots parameter t to find the
day of each course, as the domain values of each course are the available timeslots for all days d, i.e.
Di = {1, ..., t∗d}. Thus, in this case we have a constant involved, associated with parameter t. Hence,
the feature representation of c = different_day(courses[2][1], courses[2][4], 3)
will involve a constant, in this case 3, and will be:

ϕ(ci) = [“different_day”, T rue, 3, T rue, 0, False, 3, False, 1]

The classifier would then recognize that for constant values equal to 3, such a constraint is part
of the problem. However, this is not true for all parameterizations of the problem, e.g. if the target
instance has a number of timeslots t = 5.

To capture that, and allow our feature representation to adapt to different problem-instances, we
transform all numeric features to categorical ones. There are |P| + 1 categories: one for every named
parameter, plus a NaN value in case none of the parameters match. For this, we use a numeric-to-
categorical parameter mapping function σ : R → {“NaN”} ∪ {pi ∈ P}. The function is defined
as σ(v, P) = pi if the value v corresponds to the value ui of the named parameter pi in the given
instance(s), and σ(v) = “NaN” otherwise.

σ(v, P) =
{

pi v = ui | (pi, ui) ∈ P
“NaN” otherwise.

(1)

Note that, in a constraint model sometimes trivial adaptations of the parameters are used, e.g.
p − 1, p + 1 or the multiplication of two parameters. In order to capture such adaptations, we
extend the set of parameters P with such trivial adaptations, along with the basic constants 0,1 as in
COUNT-CP [17].

This mapping function is applied to all numeric features, replacing them by a categorical value.
So ϕ(ci) becomes the parameterized

ϕσ(ci) = [“different_day”, T rue, ”t”, T rue, ”zero”, False, ”t”, False, ”one”]

4.2 Training a classifier for constraint classification

In order to exploit the learning capabilities of ML classifiers for this task, we need to work with a
dataset at the constraint-level, i.e., such that that its examples correspond to individual constraints.
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Given a set of constraints CA for a problem-instance A, and a distinct set of constraints C−
A , consisting

of constraints that are not part of the model, we define a dataset E, with each training example being
represented as a tuple (xi, yi), corresponding to a constraint ci ∈ C. For each training example
(xi, yi), we have xi = ϕσ(ci, P), i.e., a parameterized feature representation of constraint ci, and
yi = [ci ∈ CA], i.e., a Boolean label that indicates whether ci is part of the set of constraints or not.

E = {(xi, yi) | xi = ϕσ(ci, P) ∧ yi = [ci ∈ CA], ∀ ci ∈ {CA ∪ C−
A }}, (2)

Note that, when parameterizing the feature representation of a constraint, a single numeric value
in a numeric feature can be mapped to multiple parameters. When this occurs, additional examples
are included in the dataset for each feature representation corresponding to the different matching
parameters. Although this can add noise in the dataset, due to the examples with the wrong parameter,
it ensures that the correct feature representations will be included.

Given CA and C−
A , the top part of our framework from Figure 1 shows how they can be used to

train a classifier, learning a function fθ that can identify constraints that are present in a given instance
of the problem. First, the dataset E is constructed, by using a feature representation for the constraints
with their corresponding label. The next step of our approach is to use the parameters of the problem
to transform the feature representation into a parameterized version, replacing numeric values in the
features with the named parameter corresponding to them. Hence, the classifier trained using the new
dataset with the parameterized feature representation, will learn a function fθ : X → Y that will
not depend on the problem-instance given, as the input space X represents the constraints w.r.t. the
problem class. Any detected patterns present in the instance at hand will be generalizable based on
the parameters of each instance.

For each problem instance, we have as input a set of constraints CA, and we know that all
constraints c ∈ CA will have a positive label. However, we also need a set of constraints C−

A

consisting of constraints with a negative label, to let the classifier learn how to distinguish between
classes. If we do not have such a set of constraints, e.g. based on the set of candidate constraints BA

used in the constraint acquisition system utilized to learn CA, we can generate a BA for the given
instance based on the learned set of constraints. That is, we can generate a set of constraints BA using
the set of relations detected in the given set of constraints CA as a language Γ.

Γ = {rel(c) | c ∈ CA} (3)

The bias BA is created applying the relations in Γ to all combinations of variables in VA. The set
of constraints that will be used as the negative examples of the dataset, is defined as C−

A = BA \ CA.

4.3 Generate-and-test extraction of the target model

Given a function fθ learned using any learning paradigm, we can use it to classify new constraints for
any given instance of the problem. We now describe a generate-and-test approach for the extraction
of the target set of constraints. In this approach, a set of candidate constraints BT for the target
problem T is generated, and the learned function fθ is used to identify which constraints are true for
the given instance. This procedure is shown in the bottom part of Figure 1. For the generation of the
set of candidate constraints BT for the target instance T , the system uses the language Γ as described
above. For relations including constant values, the set P is used as the candidate constant values. The
constraints in BT are taken one by one, and are featurized based on the same feature representation
used as in the training process, transformed to the parameterized version. The function fθ learned
using the classifier is then utilized to each one, predicting if the corresponding constraint is part of the
target constraint model. The constraints that have a true predicted label are added to our constraint
model:

CT = {c | c ∈ B ∧ fθ(ϕσ(c, P)) = True} (4)
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5 Experimental Evaluation

We now experimentally evaluate our proposed approach for generalizing constraint models. We evalu-
ate our method in 4 benchmarks with a variety of patterns that need to be generalized. The evaluation
takes place on different problem instances with their ground CSPs obtained using interactive CA.

However, as the input sets of constraints for the given problem instances can be learned through
CA systems, they can be noisy. This can occur if the training examples used in a passive CA system
are too few, or if there are errors in the labels. Hence we also evaluate the impact of noise in its
performance. We recognise two different types of noise in our setting:
1. False positive (FP) noise: The input set of constraints is not sound, i.e., it also includes wrong

constraints.
2. False negative (FN) noise: The input set of constraints is not complete, i.e. it does not include all

constraints of the problem.
Based on these definitions, we aim to answer the following research questions:
(Q1) To what extent does our proposed method effectively generalize ground CSPs?
(Q2) What is the impact of FP noise, i.e., when the input set of constraints includes also wrong

constraints, in the performance of our method?
(Q3) What is the impact of FN noise, i.e., when the input set of constraints does not include all

correct constraints, in the performance of our method?

5.1 Experimental setup

We now discuss the details of our experimental setup for answering the experiment questions.

Comparison and evaluation metrics

In our proposed method any classifier can be utilized. Thus, in our experiments, we compared a
variety of classifiers. Specifically, we used the following: Decision Trees (DT), Random Forests (RF),
Naive Bayes (NB), Multi-layer Perceptron (MLP), K-Nearest Neighbours (KNN) and CN2. We used
CN2, DT, RF, and NB in their default settings, while we tuned the most important hyperparameters
for MLP and KNN.1

We also compare our approach with the generalization approach followed by Count-CP [17].
Count-CP consists of two steps: learning a ground-CSP for a specific problem-instance and generaliz-
ing by learning first-order constraints. In the available implementation of Count-CP2 the two steps
are mixed, so we re-implemented its generalization method.

We evaluate each method in terms of how accurate the predicted models are. This is done through
assessing how many of the constraints found are correct, and how many constraints are missing from
the model. We define as True Positives (TP) the correctly identified constraints, as False Positives
(FP) the incorrectly identified constraints, and as False Negatives (FN) the missed constraints. Our
evaluation is based on the following metrics that are common in ML:

Precision (Pr): Precision is a measure of the accuracy of the identified constraints in the target
instance. A high precision score signifies a low rate of false positive errors, indicating that when
the method identifies a constraint, it is likely to be correct. When the precision score is 100%, the
predicted set of constraints is sound. It is calculated as Pr = TP/(TP + FP ).

Recall (Re): Recall is a measure of the method’s ability to identify all relevant constraints. A
high recall score indicates a low rate of false negative errors, indicating that the method is effective

1 Tuning details can be found in the appendix
2 https://github.com/ML-KULeuven/COUNT-CP
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in identifying all relevant constraints and has a low rate of false negatives. When the recall score is
100%, the predicted set of constraints is complete. It is calculated as Re = TP/(TP + FN).

Benchmarks

In our experimental evaluation, we used well-known benchmarks commonly used in CA, consisting
of different patterns on their constraints. In each benchmark we used 3 instances of different sizes,
evaluating the performance of the compared methods to generalize from the smaller to the larger
ones. This means that we evaluate 3 different generalizations for each benchmark, and we present the
average amongst them. We used the following benchmarks:

Sudoku The Sudoku puzzle is a n × n grid, which must be completed in such a way that all the
rows, columns, and n non-overlapping b × b (with n = b2) squares contain distinct numbers. The
variables are the grid cells, arranged in a 2D matrix with domains the different values they can take.
We considered as parameter the block size and the grid size, i.e., P = {b, n}. We used instances with
parameters P1 = {b = 3, n = 9}, P2 = {b = 4, n = 16}, and P3 = {b = 5, n = 25}.

Golomb rulers. The problem is to find a ruler with m marks, where the distance between any
two marks is different from that between any other two marks. The variables are the marks, arranged
in a vector. We considered as parameter the amount of marks, i.e., P = {m}. We used instances with
P1 = {m = 8}, P2 = {m = 12}, and P3 = {m = 14}.

Exam Timetabling There are s semesters, each containing cps( courses, and we want to schedule
the exams of the courses in a period of d days, On each day we have t available timeslots. The
variables are the courses (|V | = ns · cps), arranged in a 2D matrix, having as domains the timeslots
they can be assigned on. The constraints define that all courses need to be scheduled in a different
timeslot, while exams of courses from the same semester must be scheduled on different days. The
latter is expressed by constraints of the type ⌊v1/spd⌋ ̸= ⌊v2/spd⌋. The parameters of the problem
are P = {s, cps, d, t}. We used instances with parameters P1 = {s = 4, cps = 5, d = 8, t = 6},
P2 = {s = 8, cps = 6, d = 10, t = 9}, and P3 = {s = 10, cps = 6, d = 15, t = 15}.

Nurse rostering There are n nurses, s shifts per day, ns nurses per shift, and d days. The goal is
to create a schedule, assigning a nurse to all existing shifts. The variables are the shifts, and there are
a total of d · s · ns shifts. The variables are modeled in a 3D matrix. The domains of the variables are
the nurses. Each shift in a day must be assigned to a different nurse and the last shift of a day must
be assigned to a different nurse than the first shift of the next day. The parameters of the problem
are P = {n, s, ns, d}. We used instances with parameters P1 = {n = 7, s = 3, ns = 3, d = 15},
P2 = {n = 14, s = 3, ns = 5, d = 18}, and P3 = {n = 30, s = 3, ns = 6, d = 20}.

Implementation and hardware details

All the experiments were conducted on a system carrying an Intel(R) Core(TM) i7-2600 CPU,
3.40GHz clock speed, with 16 GB of RAM.
All methods and benchmarks were implemented3 in Python. We used the CPMpy constraint
programming and modeling library [15] for constraint modeling. The implementation of the ML
classifiers was carried out using the Scikit-Learn library [24], except CN2, for which the Orange
library [12] was used. The GrowAcq interactive CA algorithm [32] was used to extract the sets of
constraints for the given benchmark instances.
The results presented in each benchmark, for each method, are the means of the results for all
problem-instances, where each method was run 10 times for each problem-instance.

3 Our code will be available online upon acceptance
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5.2 Results

Q1: To what extent does our proposed method effectively generalize
ground-CSPs?

Table 2 shows the results comparing different classifiers in our method, and the Count-CP generaliza-
tion approach. As we can see, the DT, CN2, RF and MLP classifiers achieve 100% precision and recall
in all benchmarks. The classifiers presenting inferior performance are NB and KNN. NB presents
worse performance in Nurse and Exam benchmarks. In Exam, although all the constraints found
were correct, not all of them were found, as NB fails to detect the different_day constraints on
courses of the same semester. That is because it failed to recognise both the different partitioning,
the relation used and the constant parameter. On the other hand, in Nurse it missed some constraints
(lower recall) but also some of the predicted ones were false positives. That is because Nurse contains
constraints in a pattern that consist of combinations of partitions and sequence conditions.Due to the
feature independency assumption of NB, it struggles to capture such patterns. Nurse was also the
benchmark on which KNN presented bad results, in both precision and recall, because of the same
pattern of constraints.

Table 2 Results with comparing our method (using different classifiers) with the Count-CP generalization

Classifier Nurse Exam Golomb Sudoku
Pr Re Pr Re Pr Re Pr Re

NB 76% 84.6% 100% 91.6% 100% 100% 100% 100%
{DT, CN2, RF, MLP} 100% 100% 100% 100% 100% 100% 100% 100%
KNN 60% 84% 100% 100% 100% 100% 100% 100%

Count-CP 100% 81.6% 100% 100% 100% 100% 100% 100% (75.6%)

Regarding COUNT-CP, it presents very good performance on all benchmarks except Nurse, where
again the pattern regarding the consecutive shifts cannot be captured. That is because it does not
include sequence conditions in its generalization approach, and thus it is only searching for patterns
applying in all sequences of predefined partitions. In addition, in Sudoku, we manually gave the
custom partitions of the blocks as input, and thus it is able to generalize such patterns. However, as
shown in brackets, the method presents lower recall results when the custom partitions for the blocks
are not explicitly given by the user.

The rest of the classifiers learn all the correct constraints in all benchmarks, presenting 100%
scores in both recall and precision. This shows the generalization capabilities of our approach, on
the different patterns on constraints that are present in the benchmarks, some of which are complex.
Notably, the results for each benchmark represent the average of results obtained using different
instances as input and target models. This demonstrates that GENCON is capable of generalizing
from smaller inputs to significantly larger target instances.

Q2: What is the impact of FP noise in the performance of our method?

To answer this question, we altered the ground CSPs for each input instance, injecting additional
(wrong) constraints in it. We evaluated our method on 4 levels of noise ({5%, 10%, 15%, 20%}) by
randomly adding the respective percentage of constraints from the set of candidate constraints C−

A

in the input set of constraints CA. Due to space limitations, we present the average results over all
benchmarks for each method.4 The results are shown in Figure 2.

4 Detailed results per benchmark can be found in the appendix
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(a) Precision (b) Recall

Figure 2 Results with the presence of FP noise in the input constraint model, i.e., having additional (wrong)
constraints in the input ground CSPs

(a) Precision (b) Recall

Figure 3 Results with the presence of FN noise in the input constraint model, with correct constraints
missing in the input ground CSPs

We can observe that the KNN classifier is the most sensitive to the noise, presenting an increasingly
worse average precision score while noise increases, down to 72% in the case of 20% of noise, while
its recall score stays high. This means that although it predicts correctly most of the constraints of the
target instances, as in the results with no noise, it also predicts wrong constraints as part of the target
model. A smaller, but still significant, decrease in precision is also shown with the NB classifier,
with its recall staying at the same level as in the initial results without noise. When any of the other
classifiers are used in GENCON, the results stay very high, close to 100% for most classifiers, even
when the noise percentage reaches 20%.

Similarly, the COUNT-CP generalization approach keeps the same performance as in the original
results without noise. That is because it only searches for specific partition patterns and symbolic
expression bounds, and the randomly inserted constraints do not follow any of the searched patterns,
and thus are directly disregarded. Its average recall in the no-noise case is around 95% though, which
is worse than all classifiers except NB.

Q3: What is the impact of FN noise on the performance of our method?

To answer this question, we need to change the ground CSPs for each instance when it is given as
input, so that it does not include all the constraints, i.e. some constraints are missing. We evaluated
our method on 4 different levels of noise (5%, 10%, 15%, 20%) by randomly removing the respective
percentage of constraints from the input set of constraints CA. As in Q2, we present the average
results over all benchmarks for each method. The results are shown in Figure 3.

We can observe that the most sensitive to this type of noise is again the KNN classifier, this time
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presenting worse recall results. This means that it cannot find all the constraints of the target instance,
due to not having all of the correct constraints in the input instance. When any of the other classifiers
is utilized in GENCON, the results stay very high: close to 100% for most classifiers even for up to
20% noise, except NB whose recall is lower in the initial results without noise, but does not reduce
further when noise is injected. The results demonstrate the ability of our classification-based approach
to generalize even in the presence of high percentages of noise.

On the other hand, the recent COUNT-CP generalization approach completely fails to detect any
patterns and does not predict any constraints in the target instance, as it needs to find an exact partition
in which all sequences of variables share a given constraint. When some constraints are randomly
removed from the set of constraints, e.g. if they are not learned by a CA system due to noise in the
labeling of the solutions and non-solutions given, then the COUNT-CP generalization approach fails
to detect any patterns, even in the presence of only 5% of noise.

6 Conclusions

CP problems are typically expressed as parameterized problems. However, most CA methods
learn one ground CSP for a specific problem instance. We focused on alleviating this limitation by
generalizing ground CSPs to parameterized constraint models that can model different instances of
the same problem. We proposed a constraint-level classification paradigm, where any standard ML
classifier can be used. We also introduced a parameterized feature representation to let the classifiers
learn which constraints are part of the ground CSP of any target instance.

Our evaluation shows that this approach presents high accuracy and is robust even in the presence
of varying amounts of noise. Importantly, it can generalize well both when the input includes wrong
constraints, and when it does not include all the correct ones. This shows significant potential for
using ML-based techniques for generalizing constraint models, given a carefully constructed feature
representation of constraints. Our proposed one can capture many common patterns in CP. However,
for problems containing more complex patterns, the feature representation may need to be extended,
to be able to capture more complex conditions.

Future work can look into representation learning techniques that could reduce the dependency
on manually crafted features. Another promising avenue is to investigate exploiting generalization
during the learning process of CA algorithms. This could reduce the amount of queries in interactive
CA, and in enhance their robustness, given the noise robustness shown in this paper.
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A Tuning details

We tuned the most important hyperparameters for MLP and KNN. A grid search, was conducted,
using all different generalizations on all benchmarks utilized in the experiments. We used balanced
accuracy as the tuning metric to address class imbalance.

Regarding KNN, we explored different distance metrics (euclidean, manhattan, and minkowski),
weights (uniform and distance) and number of neighbours (1-21). The optimal configuration used
euclidean distance metric, uniform weights and 2 neighbours.

For the MLPs, we focused on tuning the number of hidden layers (1-4), the number of neurons
per layer ([8, 16, 32, 64]), the optimizer (sgd and adam) and the learning rate ([0.001, 0.01, 0.1, 1]).
The optimal configuration was identified as an MLP with a single hidden layer having 64 neurons,
using adam as the optimizer and with a learning rate of 0.01, using ReLu as the activation function.
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B Q2: Impact of FP noise per benchmark

(a) Precision on Nurse Rostering (b) Recall on Nurse Rostering

(c) Precision on Exam Timetabling (d) Recall on Exam Timetabling

(e) Precision on Golomb (f) Recall on Golomb

(g) Precision on Sudoku (h) Recall on Sudoku

Figure 4 Detailed results with the presence of FP noise
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C Q3: Impact of FN noise per benchmark

(a) Precision on Nurse Rostering (b) Recall on Nurse Rostering

(c) Precision on Exam Timetabling (d) Recall on Exam Timetabling

(e) Precision on Golomb (f) Recall on Golomb

(g) Precision on Sudoku (h) Recall on Sudoku

Figure 5 Detailed results with the presence of FN noise
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